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PREFACE 


The work upon which this thesis is based was performod at tho United 
otatos Laval Postgraduate School and at the Stanford Research Institute 
during tho academic year 1955-1954. ‘Yhile studying network synthesis in 
eernerel, and the een el analosue method in particular, an industrial 
tour was tesien at the Stanford Research Institute. During this tour a 
need was mace !mown to the writer for the type of filter described in the 
text. Subsequertly the desimn of this filter type was developed. 

L£ppreciation is extended to Professor Fobert Fahal of tne United 
States “aval Postcreaduate School and to Mister Donald f. Veaver of the 
stanford Research Institute. Proressor Kahel inspired che writer's ami 
tial interost in tho field of network synthesis and Lister Weaver sug-= 
eested the particular problem about which this thesis centers. Both gave 


frooly of their time and providod guidance throughout this wort. 
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SULBIARY 


The focal point of tho discussion which follows is the design of a 
filter type having two saliont specificatiens. Tho first is that tho 
gain function shall be maximally flat in the pass band and the second is 
that there shall be oqual maxima of a spocified velue in the stop band. 
A method, utilizing the potential analofwe method, is presentod for oas- 
ily obtaining this tywvo of function. Design procedures are doveloped for 
directly obtaining tho final fain characteristic from the siven require~ 
ments prior to performing any of the calculations required in the design 
of the actual filtor. Tabulation is made of certain calculated data which 


are of interest to the design engineer. 
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CHAPTER I 


INTRODUCTION 


lL. Types of synthesis problems. 

There are two main categories of synthosis problens. Those are the 
design of filters and the design of equalizers. Filtors may be classified 
as (1) notch, (2) peak, (3) band suppression, (4) band pass, and (5) any 
combination of the preceeding. Other characteristics such as type of feod, 
impedance matching, et cetera, are dopendent on physical network configura- 
tions. Equalizers may be of the phase correction or gain correction types 
or both types may be incorporated together. In recent yoars the phase 
shift network has become increasingly prominent. This is distinguishable 
from the phaso equalizer only in that in the phase shift network the phase 
characteristic is desired for itself rather than as a corrective measure. 
@2e The development of modern network synthesis. 

Historically, synthesis of olectric circuits evolved from circuit 
anolysis. Circuits Ikmown to have a particular type of charactoristic 
were analyzed and the circuit constants then adjusted to locate particu- 
lar values of the lmown characteristic where desired. An advancenent of 
this scheme was to optimize a somewhat variable charactoristic so that it 
matched as closely as possible the one desired. ‘iodern notwork synthesis 
is the reverse of the abovo procedures. The desired characteristic is ob- 
tained or approximated in an algebraic form constrained only by realiza- 
bility conditions. Then the network is derived from this algebraic func- 
tion. ‘ith this procedure one is not limited by the extent of his expe- 


rience with various circuits in tho design of new ones. 
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In 1924 P. ut. Foster(5) treated two-terminal networls containing 
only reactances. This may be considered the bozinning of modern network 
symthesis. The problem involving the senerel tyo-terzinal network was 
solved by ©. Brune(2) in 1931 and its practical uso was extonded by Bott 
and Duffin(1) in 1949 since they avoided the ideal transformer in the re- 
alization of the seneral two~-terninal network. Tho prime ain of notwork 
synthesis might bo considered to be the development of desired transfer 
functions within the limitations of physical realization of the corres- 
ponding network. As used in this sentence, transfer function simply 
means a functional relation between electrical quantitios at one temainal- 
pair and those at another. For tvo-terninal networks the two terninal- 
pairs are the sane. 

iluch has been written on two terminal-pair and n terninal-pair net- 
works. Of greator engincering interest at the present time is the former 
type, and only this caterory will be considered hereaftor. The rceneral 
realizability requirements have beon obtained. Various writers, too nu- 
morous to mention, have found some, or all, of the restrictions imposed 
on the various transfer functions by specific classes of networks with, 
or without, other restrictions. Others have develoved methods of avprox- 
imatins desired charactoristics with realizable transfor functions. Other 
investigations have dealt with realizing the plysical network parameters 
from the transfer function, and in some cases also prescribing the inpuc 
and cutput impedances of the network. Thoso findings, pertinent to the 


filter designed in this thesis, will be discussed in succeeding chapters. 








CHAPTER II 


THE APPROXIMATION PROBLEL! 


1. General. 

There are numerous procedures which may be followod in the process 
of approximation. Before describing any of these, rontion should be made 
of techniques frequently used in the approximation of filter type charac- 
teristics. Usually the low pass characteristic is first sought and after- 
wards modifications are made transforming the characteristic to a band 
pass or e@ high pass type, as may be dosired. JVioreover, certain quantities 
are usually normalized (i.e., made equal to 1) in the initial devolopment. 
In the design of equalizers such techniques are not universally applica- 
ble. 

One of the oldest approximation procedures is to make a realizable 
characteristic of a network match a desired characteristic exactly ata 
finite number of sivon frequencies. Often this gives quite satisfactory 
results when the number of given matching frequencies is small and when 
there is a lmowm type of function whose characteristics resemble those <le- 
Sired. A handicap of this method is that little control is held on the 
difference between the desired characteristic and that which is approxi- 
mated at frequencies other than the matching ones. 

A refinement of the above is the least squares approximation wherein 
the imtezral of the squared difference between the two characteristics over 
the frequency range of interest is made a minimum. This is a decided in- 
provement, but it still leaves one with considerable doubt as to the max- 


imum difference which occurs. 











this situation is corrected by techniques wherein tho maximn differ- 
once is limited. Ono of theso is the equal ripple technique. In this 
caso all the maxim of difforence are made equal to the allowed tolerance. 
This is frequently described as beinz the most efficient use of the cir- 
cult eloments. lUowever, characteristics othor than the one, or ones, ap- 
proximated may become intolerable in actual practice. 

Another schemo of approximation is to match the dosired characteris- 
tic at only one frequency and require the difference function to approach 
monotonically the tolerance in the band of approximation. The maximally 
flat characteristic, discussed later, exemplifies this type of approxima- 
GLOOM. 

2. The potential analorue method. 

Use is made of tne potential analogue of network functions in the 
approximation of these functions by any of the techniques listed in sec- 
tion 1. Laboratory equipment and techniques may be used to deternine ex- 
perimentally the approximating functions. In addition, one's :mowledge 
of olectrostatics and potential theory is available to provide analytical 
tools and intuitive approaches whether laboratory methods or strictly 
mathematical techniques ere used. Darlington(4) has extensively treated 
the basis and application of the potential analogue method. The follow- 
ing discussion of tho analogy is a limited development which is sufficient 
for the use made of it in chapter III. 

A transfer function is defined as the ratio of the outout voltage or 
current of a network to the input voltase or current as e function of p 


when the input quantity is of the form, A €P*. ‘ost generally the real 
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A(R) = K 


For the transfer function to be realizable with a physical, passive et 
work the following restrictions apply: 

(2) re {fax} S 0 

(op) t(p) is finite for p = oo Gnd for p= o- 
the latter condition is equivalent to the statement, msn. The approxi- 
mation problem then becomes one of determining the po, and tho p, j? sub- 
ject to the above restrictions, such that the characteristics of t(p) for 
pP = jJ@ are tolerably close to those desired. 


Consider the logarithm of the transfer function. 
Tr Te -404) 
hog, AE. am Aeg kK + Log) Ip ~i) | - Lon [JI R -frry 


= hee K ss p Ley (p - poi) Ps (42 - tx4) 


= Les K 4+ 5 fy | 4. 47205 ~ 2 eee 


+4 (Z%- 24) 
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‘A. 
whe re ye -Rei = | 4 - poile* 

A: 
and f--Pxji = | 2 - Px; le? : 

Consider next the potential at ea point in a plane at a distance, d, 
from an infinitely long line charge perpendicular to, ond passing through 
this plane. If the line charge has a linear charge density q, then with 
appropriately chosen units the potential, V, at the point considered is 
given by: 

V=-q log d + const. 

The constant is an arbitrary one depending only upon the level chosen for 
the reference potential. Since potential is a scalar quantity the poten- 
tial due to several parallel line charges at a point in a perpendicular 
plane is given by: 
n 
V = — > qaskep 4: oe conem 
Az | 
where d; is the distance in the plane of the point at which V is moasured 
from the ith line charge. If tho complex notation is used to represent 
the coordinates in the plane a complex potential, W, may be defined such 


that: 


oe) ee Aoy (2 ~ 23) + comnal, 


A > | 


where z represents a location in the plane at which W is considered and 
z, represents the point in the plane through which the i*) line charge 


passes. From the above equation is obtained: 


= cone, fe ae ton (2-#:)- 4 2 FeO 


(7) 








here Z%-2;, => }z-2,|€7% : 


Realizing that [z ~ z. | is the distance from tho i*# line charge to the 
point it is seen that: 

Yy? 

W= V-42¢& 

Az! 
All future reference to this potential picture will concern quantities in 
the plane defined above and reference to a charge q in reality means a 
line charge perpendicular to the plane having a linear charge density q. 

If the value of q is restricted to the values +1 and ~1 and if 


the subscript xX is used when q, = +1 and the subscript o is used when 





q, = —~1, then the formule for W beconos: 


JF 
a n 
= Corn. + 2. Leg | 2-20: | 7 Z tog | ~ Beil 
+=! Gee 
fs o. = se 
| + p(Za ~ B% 
i 
D Though the charge magnitudes have been restricted to unity, coincident 


charres are allowed. 
Tho complex potential has the sano mathematical form as the logarithm 


of a transfer function. This is the basis of the potential enalosgue method. 
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The magnitude of the logarithm of tho transfer function corresponds to the 
real potential and the phase fimction to the stroam function of the complex 
potential. Any restrictions imposed on the locations of the poles and zo- 
ros of the transfer function shall likewise be applied to the locations of 
the positive and negative charges, respectively, in the potential analogue. 

On the basis of potential theory the potential function, or anelogous 
transfer function, may be mapped into an auxiliary plano by means of con- 
formal transformations. The reason for so doing is that tho mapping of 
the original coordinates is arranged by appropriate transformations in 
such a fashion that one's experience and intuition in olectrostatics dic- 
tates an approach for obtaining a desired transfor fimction. 

To obtain the flat portion of a filter characteristic using the an- 
alogy, one would desire a constant potential over the corresponding por- 
tion of the real frequency axis or its mapping into another plane. A 
constant potential is impossible with a finite number of lumped charges 
and therefore it is necessary to approximate a continuous charge distribu- 
tion with the lumped charges. <A basic conclusion from potential theory 
is that a conductor enclosing a charge-free region has a constant poten- 
tial on and within it. The approximation procedure then is to choose an 
appropriate contour, which is considered as a conductor. The charge dis- 
tribution on the conductor is then calculated, if not already obvious from 
the choice of contour. This distributed charge is then divided into seg- 
ments such that the charge of cach segment is equal to that of each of the 
othor segments. Each charge segnent is then replaced by a lumpod charge 
with the same quantity of charge. Thus in obtaining a flat pass band for 


a filter, a contour may be placed about the portion of the real frequency 


(9) 











axis corresvonding to the pass band and then quantized as indicated above. 
This procecuro requires the plecing of positive charges on both sides of 
the j@ axis and this is prohibited by the restrictions on the transfer 
function pole locations. 

To obviate this difficulty, encountered with the contour technique, 
the potential analocsy will be used with rospect to the gain function. 
The gain function is defined and used herein as a function equal to the 
squared magnitude of the transfer function for p=4zW. If the transfer 


function is expressed as: 
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Define a quantity, G(p), as follows: 
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Thus it is seen that G(p) is a function satisfying the requirements of the 
defined gain function. It is to be noted for future use that the poles 
and zeros of G(p) are those of t(p) plus the mirrored imares about the jw 
axis. Due to this symetrical arrangement of the allovied locations of the 
poles of G(p), the contour technique is usable provided the contour and 
the nesativo charge (zero) locations are also symetrical to the jw axis. 
Wor ease and simplicity the contour is chosen, when possible, such that the 
charge distribution is so simple and obvious that the contour itself is 
not directly considored in the solution of the synthesis problen. 

The design problom solved in chapter III is simplified by choice of 
transformations to the extent that the potential distribution need nover 
be calculated, but it is the potential analoguo that provides the guidance 


for forming the desired gain finction. 
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CoAPTEEeL tL I 


Stee i i aon 


1. The filter typo. 
The problem taken up at this point is the development of a filter 
gain function having the following characteristics: 


(a) Maximally flat in the pass band, and 
(bd) Equal, specified maxima in the stop band. 


fis is common in filter synthosis, only the low pass case will be consid- 
ered since the high pass and band pass types may be obtained from the low 
pass circuit itself or from a transformation upon the p-plane. A filter 
is dofined as maximally flat if its loss function, the reciprocal of its 
pain function, has its first n-l derivatives, tal:en with resnect to @, 
oqual to zero at some point on the real frequoncy axis where n is the nunme- 
ber of poles in the transfer function. It should be noted that the re- 
quiroment of equal maxine of gain in the stop band does not necessarily 
mean mathematical maxina, but rather, maximum values. Two exceptions can 
occur. In one instance the masnitude of the gain function may be ap- 
proaching its maximum allowed value as W approaches infinity. The other 
instance is at the defined edce of the stop band, at which frequency the 
gein function magnitude passes through the maximum allowed value for the 
stop band. 

The question may be asked, "Why bother with this new filter type?" 
The answer lies in ongineering requirements. The theory that the ear is 
totally insensitive to phase is being displaced. ‘ithout a reference tho 
ear, or any othor instrunont, cannot detect or measure phase. Variations 


in relative phase delay imposed on tyio musical tones neard by one's car 


(12) 











is undetectable. However, when transient sounds are considered, the ear, 
while porceiving frequency components, does not necessarily make a Fourior 
analysis. The timbre of even a steady sound is dependent not only on its 
frequency conposition but also upon the phase relations of the frequency 
components. This factor is a frequently neglected item in the reproduc- 
tion of speech and consequently intelligibility is degraded. The filter 
type to be subsequently developed has fairly linear phase as compared with 
the equal ripple pass band variety. The operation of many present day 
commercial and military equipments is dependent upon transient phenomenon. 
For example, teletype and pulso ooding systems can tolerate some distor- 
tion of the pulse shapes but cannot use signals suffering from a great 
deal of delay distortion. 

Another factor making a maximally flat filter type useful is the fact 
that its gain in the pass band monotonically approaches the allowed devi- 
ation from the desired constant gain. Over most of the pass band the de- 
viation is much less than the tolerance. The overall quality of sirnal 
reproduction is better for this filter type than for the equal ripple pass 
band type with the same tolerance allowed. 

In the region of transition between pass band and stop band, the 
filter herein desired has properties very nearly equivalent to those of 
the equal ripple pass band filter. Any filter having frequencies of in- 
finite loss may have those used to satisfy additional requirements beyond 
the basic filter specifications. 

For comparison purposes, the pass band characteristics of three fil- 
ter types are shown in figure 1. 


ae The method of solution. 
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Tho potential anelosuo method combined with verious conformal trans- 
formations provides particularly direct, and intuitively obvious, ways of 
producing "equal ripple" in the stop band. "Equal ripple” with reference 
to the stop band portion of tne gain function is a slight misnomer. It 
is @ semantic convenience and as used herein means that the gain function 
has equal maximum values of magnitude in the stop band without regard to 
its behavior otherwise. For example, if the transformation p = csch 2 is 
used, the real frequency axis for |w}! <= 1 is mapped into, and includos 
all of, the imaginary axis in the z-plano as shown in figure 2. Thon if 
the stop band is defined for lw] = 1, and the zeros are equally spaced 
along the imaginary axis in tho z-plane, it is irmediately apparent from 
the potential analogue that the equal ripple condition is produced pro- 
vided certain other conditions are met. As previously shown, the trans- 
fer function has half the number of poles and zeros included in the gain 
function and the remainder must be the imases as mirrored by the real 
frequency axis. Since the zeros are of intogral order in the transfer 
function, any zeros of the gain function on the real frequency axis must 
be even ordered. The polos of the gain function must be located so as 
not to destroy the equal ripplo condition tentatively produced with the 
zeros. One way of doing this is to place a pair of poles on opposite 
sides of the imacinary axis, equidistant therefrom, for each second order 
zero located on this axis. If the ordinates of the pole locations are 
equal to that of the corresnonding zero, then the equal ripplo is not 
destroyed. Additionally, tho locations of the critical points in each 
cell of the z-plano must map into the same sot of locations in the p-plane. 


This is accomplished by mating the locations of those critical points in 








Figure 2. The transformation, p=cach z 
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that cell of the z plane which includes the origin symetrical to tho 
Origin and further requiring the spacing between adjacent zeros along the 
imacinary axis to be tt, where n is any integer. Figure 2 shows n = 3&. 
Othor considerations would apply were this transformation actually used. 
It has not been used sinco it would require the surmation of an infinite 
sories to find the gain function and a simpler means is available. An- 
other reason will be brougnt out later. 

Another casy method of approaching equal ripple stop band is to use 
a transformation such as to map the stop band portion of the real fre- 
quency axis to a circle in an auxiliary plane. The pair of transforma- 


, | 
tions, p =A/ur? =| and w= Sy» does this as shown in figure 3. Again 


the method of producing equal ripple is apparent; that is, by equally 
spacing the zeros around the circle. Similar additional considerations © 
are required as before. One advantage has been gained in that this type 
of transformation doos not require an infinite scries summation to derive 
the gain function. 

Inherent in both the preceeding types of transformation is the same 
deficiency. This has to do with oneaneiee the maximally flat pass band 
with assurance that it actually is such. Before specifically locating 
this deficiency the means used to produce a maximally flat condition will 
be described. 

The frequency at which tho n-l derivatives are made equal to zero is 
taken as zero, both for simplicity and to make maximally flat most mean- 
ingful if the derived characteristio is to be transformed to the band 


pass case. Consider a loss function as follows: 


(17) 








F igure 3. The Pair Sf TPAnSTOV Toa Oe 





pe Vwi-/ aricl oo A= | 


(/ 8) 











vet = F (Ww) 


where D is a rational polynomial not equal to zcro at ®W = 


/ 
Dn eae 


Then, fF ( |= 
De 
/ 1\e Mf a 
Dan -De"?®-2D*D'nw'+ RDO - D°D" Jaw 
Silene meee 


Continuing the process of taking succossive derivatives it may bo seen 
that each term of the i” derivative contains a power of W, the lowost 
of which is n-i. ‘hen the n“™” derivative is taken this is no longer true. 


Thus if these derivatives are evaluated at @MW=0 there will be at least 





the first n-1 of thom equal to zero. Thus the sufficiont condition for 
F(w) to be maximally flat is that it have an n°) order zero at w= 0 
and necossarily it may not have a pole at the origin. 

Since the derivative of a constant is zero then ' + C, where C is a 
constant, is also maximally flat. The addition of the constant loaves one 
with the same polo locations but locates a new set of zeros. Remembering 
that the gain function is the reciprocal of the loss function, the proce- 
dure for producing the desired characteristics is to take zeros producing 
equal ripple in the stop band, form a maximally flat loss function with 
poles corrosponding to the gain function zoros, add a constant, take tho 


reciprocal of this new function as a possible sain function, and then in- 


(15) 








vestigate this latter function. First, tho pole locations must satisfy 
realizability requirements. Second, the pole locations must not destroy 
tho equal ripple character previously set up. 

The additional deficiencies of the transformations shown in fisures 
1 and 2 will now be considered. If the p-plane is mapped into an auxil- 
lary plane by some transformation and the jw axis is mapped into a curve, 
or straight line, in this auxiliary plane, then denote distance along the 
curves by s. Label the derivatives of s with respect to @ as s', s 4 end 


so on, and label the derivatives of the loss function with respect to s 


as F', F and €o on. It is then found that: 
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let 
and so on for successive derivatives. Thus if a function is synthesized 
in an auxiliary plane by the procedure previously described so as to be 
maximally flat with respect to s; then to insure that the fimction, whon 
mapped back into the p-plane, is maximally flat with respect to » ae 
will be required that the derivatives of s with respect to W exist wien 


evaluated at wW=Q. It is found that the previous transformations do not 


meet this requirement. 





A transformetion meeting the requirement above is —R= ee ze > 


shown in figure 4. This one will be used to develop the cain function. 
Se Development of the gain function. 


First of all it should be noted that two shoots of tho p-plane ars 
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unit circle in the z-plano cemtered at the origin, and the other 


to the exterior. Therefore, when placing charges (poles and zeros) in 
the z-plane, a pair of charges must be used for each one finally locatod 
in the p-plane, and each of a pair must map into the same coordinates on 


different sheets of the p-plane. If p, is a point in tho p-plane tnen: 


LZ, 
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ee 
ae! (] as ves pF ) 

= eae i 
Pa a) + pa,” 


Therefore a pair of points in the z-plans, which map into the same loca- 
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ard Pee tate eine 


tion in tho p-plane, have complox coordinates that are nogcative rocipro- 
cals. 

The zeros of the gain function will now be located with the require- 
ments following as guidos. 

(a) n equals the number of voles in the transfer fYinction. 

(b) There shall also be n zeros in the p-vlene, including the one 


at infinity for n odd, in order to produce tho maxinally flat condi- 
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tion and to maintain the typo of symmetry required by the polo loca- 

tions and the equal ripple condition. 

(c) In order that the transfor function may be realized by a practi- 

cal ladder network, all zeros shall be locatod on the j@ axis, 

oxcept for a possible one at infinity, as showm by Derlinston(3). 

(d) In the p-plane there shall be 2n poles and 2n zeros for tho gain 

function with mirror symmetry about both the roal and imaginary axes. 

the zeros shall occur as doubles. 

(eo) There shall be 4n poles and 4n zeros in the z-plane in accordance 

with the mapping conditions. 

(f) Since the stop band portion of the real frequency axis maps into 

a circle in the z-plane, the zero locations shall have equal angular 

spacing between them to produce the equal ripple condition. 

(s) The @W=1]1 mapping shall be midway between adjacent zero loca- 

tions. Were this point to be a zero location, the normalization of 

the derined edre of the stop band would not be possible. 

In line with the above listed requirements the development of the 
pain function is started by placins second order zeros about tne unit 


if 


circle in the z-plane with an angular spacing of n ootween successive 
locations. The angular displacement of the set of seros nearost the imas- 
> LJ AS a * W rt ca a s « ce 
ivary @&x#e’ from that axis is on » This is shown in igpures oa forn=6. 
and in figure 50 forn=4. This set of zero locations satisfies all ro- 
quirements placed upon then. 

The maximally flat condition will now be met. A loss function is 


set up with polos located at the zero locations of the gain function. 


the maximum possible number of zeros of the loss function will be taken 


(28) 











Figure 5. Zero locations in the z-plane. 


Tnere are to be 4n zeros in the z-plane and only en of them may be inde- 
sendontly located. Therefore 2n zeros are placed at the origin and the 
other 2n zeros mist be located at infinity to meet the mapping require- 
mens. Before addins a constant, it is found to be convenient to make an 
additional transformation, 27” = w. This transformation is shown in fig- 
ure 6 for ropresentative values of n. Since each sheet of the w-plane is 
identical to the others, further calculations can be carried out in only 
one sheot of the weplane. It is to be noted that the relative orienta- 
tions of the mapping of the stop band and the critical points are the 
same for any n. Furthermore the miltipnlicity of the critical points in 
one sheet of the weplane is independent of the value of n. The tentative 
loss function may now be written in the w-plano, nojlecting any constant 


miltiplier, as: 


(24) 
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Locating the zeros of F it is found that: 
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If C is only allowed values such that: 


C= 0 for-n oda, 
and. C> 0 for n even, 


then wv,“ is positive real for odd n and negative real for even n. 
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where So =z + | vp - pe 


The value of r has boen taken arbitrarily as positive and less than one 
without loss of generality. 

The zeros of , have now been located as shown in figure 7. Since 
tho gain function has poles at these locations, all critical points of 
the gain function are now lkmown. Therefore the transfer finction is also 
known e 

At this point mist be found the relations among the design specifica- 
tions and the quantities which have boen used in the equations. Define 
v to be the magnitude of w at a point which is the mappins of W for 


OSG =1. Figure 8 shows the w-plane rotated such that the mapping of 


Sk mop, 


Figure 6. Critical points of G in weplene. 
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gain function may be written from an 
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any constant factor, as: 


nspection of figure 
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as the maximum value of G in the stop band. 
occurs at @W= 1, then: 
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As was to be expected these two values of r are reciprocals. 
alroady been choson as the smaller value, it is most accurately computed 


Since r has 





r, and consequontly “(v), is completely determined by <,. 


By the omis- 
Sion of a constant multiplier from the gain expression such a miltiplier 
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value of G in the pass band and ik 


as that value of w which is the upper limit of the pass band. Since 


GJ) = 1 defined the lower limit of the stop band, thonO< k<1. 
Take 


Then pz? + 22 — prey 


Since these two values of z are negative reciprocals for all values of p, 


only one need be considered and the other is an automatic consequence. 





From 2” =r it is seen that: y%” = 7, 


: Take the equation for %(v) and write its reciprocal: 
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Of the two reciprocal values of v* siven by the + sign above, only 1 


one associated with the minus sign will be considered. 
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Since n must be an integer, the specification of G,, “, and i cannot be : 
completely arbitrery. The normal procedure is to specify ¢,, Cy and the 
minimum value of k. S, is computed from G, and Cys Then n is taken as 


the least intecer equal to or larger than the velue computed from the above 














For a practicing engineer interested in choosing a suitable fi 


for & particular application, the caleulations required by the preg 
formulae are longthy and tedious. To ease this situation a nomosreph is 
developed to enable ore to rapidly choose the value of n required to | 
the basic filter specifications and then easily derive the correspond 


gain curve. A summary of pertinent formulae follows: 
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Exponents are prominent in the first three of these equations and they 

are plotted on logarithnic graph paper as the basic nomogpraph. The fourth 
cquation is plotted separately and this plot is used to provide easy entry 
into the nomograph. These plots are given in appendix A and B rospoctively, 
and a sketch of the basic nomograph is showm in figure 9. 

The filter designer may also be interosted in the frequencies of in- 
finite loss and those of maximm stop band gain. These are tabulated in 
Appendix C for various values of n. 

It may be noted that neither the nomograph in Appendix A nor the 


tavulation in appendix C includes data for n=l. frorn = ! this trea 
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Realiszins the filter notworl:. 


Bofore finding the physical configuration of tho filter, it will be 
necessary to find tho transfer function in terms of p. To do this, the 
locations of the poles and zeros in the weplane mist be mapped back into 

@ p-plano. The quantity r is found from Gs as shoym on pace 28, and 
nis found from the nomograph. Then in the z-plane the poles of the gain 
function lie on circlos centered at the origin and with radii, R and 1/8, 
vhere 2 =f - Only those on the inner circle need be corsidered 
and their angular locations are the same as those of the zeros, as des- 
cribed in section 3. These pole locations are then mapped into the p-plane. 
Cnly tnose in the left half-plane are usod as explained in section 2 of 
chapter II. The zeros of the transfer function are simple and lie on the 


jw axis. The values of w at theso locations, W,. , are siven in appen- 





dix C as the frequencies of infinite loss. Zeros are locatod at p = +4W. 
and p = —j &, for each value of w, given in appendix C. Ho action 
noed be talicen for W@W, =e since a pole occurs naturelly there whenever n 


is odd. The transfer function is now written in tho usual form with m=n 
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imaginary axis. K is chosen as 
With the transfer function now in hand the network is arrived at 
& procedure based on a method originally sivon by Norton(7). The form of 


realization is that of a purely reactive coupling networl: terainatod in a 


one ohm resistance. The output is taken across this resistor. The input 


may be either a voltaso feed or current feed depending on the circuitry 
in the coupling network. The procedure for determining the coupling net- 
work will be derived for a voltage feed and the dual of the circuit may 
be usec if a current feed is desired. 

Consider a two terminal-pair reactive network as indicated in 


figure 10. 2, amd Zp, are the open circuit 


Input Output 


Coupling networl: Filter arranpenont 


Figure 10. Representation of the filter realization. 


impedances of the input and ouwtput respectivoly. is tho trans er 


a 
impedance. Using the generalized form of impedances, then z,, , Zag , and 
Ze are all odd functions ef p since they are made up of purely reactive 


terms. Take the equations: 
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Define Za, as the impodance seen lookin; into the output terminals 


(6) 


(7) 


(8) 


(9) 


of the 


coupling network with the input shorted. From equation (1) with L, = 0: 
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The transfer function came out to be of the form 
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Qnu L are even functions of p. Tnen the reciprocal is: 
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Equation (15) shows that the ratio of the odd part of tho recirrocal of 
tne transfer function to the even part is equal to the impedance seen 
lookins into tho output terminals of the coupling notwork when the input 
terminals are shorted. Fowever, equation (15) shows that this ratio con- 
tains no information relative to the zeros of the transfer function. The 
ccupling network is realized by synthesizins Z, as a drivins; point in- 
pedance in a ladder form. Then by ononing the circuit betwoen the final 
brench eloment and ground, consider the terminals thus produced as the in- 
pue terminals. In addition, the resultant netuork math a one ohm lesid ie- 
Sictor must be forced to have the zeros of its tra@geicr funccion G@veea- 
wroper locotions. Me omeecdure ror acconplishing this is piven ey, 
Muillenin(G). Basically, it consists of removing <= branch impedance fron 


ins reminder has ai O rcs > po av 
at the reminders has a pair of zercs or poles locaved ar 


de 


j45- & voir of seros is removed as & resorint circuit im age tee 


Dronch or a pair of poles as an anti-rcesonant circuit in a soriecs Drege 


Gi the ladder. Fivure 11 showe tivo forms the filter may tako for nm==age 




















The basic design procedure for a new type of filter has been deve 


The gain function has equal maximm values in the stop band and is des- 
cribed as having an equal ripple stop band characteristic. The reciprocal 
of the gain function, the loss function, has its first n-l derivatives 
equal to zero at w= 0, and this is described as a maximlly flat pass 
band characteristic. It can be shown that the gain function also has its 
first n-1 derivativos equal to zero at w=0. The sain function which 
was synthesized in chapter III could have been obtained without consider- 
ing the loss fimction, but such a procedure would not have as clearly 
separated the stop band and pass band problems. 


A design nomograph was developed which permits a desifner to deter- 





mine immediately the value of n required to meet the filter specifications. 
Having determinod n, the nomograph may be used to obtein easily a plot of 
the gain function without the necossity of first synthesizing the fain 
function. 

A procedure was given for realizing the filter with a physical con- 
figuration suitable for use in vacuum tube circuits. Other realizations 
@re, of course, possible. 

The definition of maximally flat which has been used is rather arbi- 
trary. For a seneral gain function of dorsree én, there are ér-1l independ- 
ent conditions which may be imposed on the function. In tho well known 
Butterworth function, all those conditions have been used in the specifi- 


cation of maximal flatness. A more seneral definition of maximal flatness 


(40) 





mipght be taken nae: 

A eain function of devree 2n is defined as maximally flat if its 
first cnelem derivatives are equal to zero at some one freqnency, 
where mis the mimber of constraints imposed on the function 21 
tne production of other desired characteristics. 


Further investigations sugeested are the synthesis of maximally @iae 
sain functions of different relative degrecs or flatmees and thcec wich 
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sccp band characteristics cther than equal ripple. 


(41) 
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APPENDIX C 
Tabuleted frequencies of infinite loss 
and maximum stop band fain. 


c),= frequency of infinite loss 
W,= frequency at which G(w,) = G 
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